ABSTRACT.
A geometric condition on the zero set of an entire function f in C (¿V >_ 1 ) is presented which is both necessary and sufficient for / to have the same zeros as some polynomial in C . i 1.1. Introduction. Let / be an entire function in C (N > l). It is natural to seek a geometric criterion for the zero set, Z(f), of / that is both necessary and sufficient for the existence of a polynomial P such that both f/P and P/f ate zero free entire functions. We will say, in this case, that / and P have the same zeros. Such a criterion was originated by Walter Rudin; see [2] . In §2,
we will use methods similar to those he employed to show that / has the zeros The following notation will be used throughout. T will denote the where 77 £ 0. Assume that there is a wedge W' C C " and a circle rT C Q such that Z(T7 ) n (W1 x rT) = 0. Choose positive constants r < s such that E = jj3 £ W' : s < |/3j| .< rS is a nonempty compact subset of CN~l. Then, as before, the zeros of P Â ■ , a) ate uniformly bounded for all a £ rT and ß £ E; for the wedge W = i(A, ßX) £ CN: ß £ E, K< \X\], with K suitably large, we have, therefore, Z(P) Cx (W x rT) = 0. 
7=1
Then substitution of (4) into (3) shows that
for a e 77. Since Q( • , a) ^ 0 and the <p . are continuous, corresponding to each a. £ 77, there are constants r , r" such that 0 < r <r < 1, and a neighborhood G of a. in C such that a0 0 r/= inf |2(A, a)| > 0. /«Uli/'; acHnOa If r < \zJzA < r" and a £ 77 Cx G , it follows from (5) and (6) that
In particular, P(zy, z2, a) ^ 0 under these conditions. Since / and P have the same zeros in \z e C : |z2| < |zj|, M < \z | ! x AA, this concludes the proof. Assume the remark is true in C* (2 < k < N). Then for each a e T, fot which féO, there is an integer 772a such that each slice function of fa, that is not identically zero, has 77za zeros. We will show that 772a is independent of a.
For each ß £ T define gß by setting gßiw) = f(w, ßwA, w = iwy, ■•• , wN_ y) £ CN_1, and define no with respect to go in the same way that ma was defined for fa.
Fix a £ T such that f a4 0. For N > 3 there is a y £ T 3 such that Assume that TV >_ 3 and that the proposition is true in C , 2 < k < N; we will show that it is true in C . For a e C, put Ela = \z eCN:az. = *i + 1}, l<t<rV-l, Proof. We will prove the lemma under the additional assumption that no homogeneous polynomial is a prime factor. This additional assumption introduces no loss of generality; for there are only finitely many such factors, since each vanishes at the origin, and if / is expressed as the product of a homogeneous polynomial and an entire function g, then g also satisfies the hypothesis of the lemma.
If AV = 2, L is the union of a finite number of complex lines; hence Remark 1.4 implies that Z(f) n A is compact, and by Theorem 2.1 / has the zeros of a polynomial.
Assume N > 3 and that the lemma is true in Ck (2 < k < N); define / by setting f(w, a) = fa(w), w e CN_1, a e C. 3.9. Proof of Theorem 3.1. By Proposition 3.7, (Z(/) -L) CX A is relatively compact; therefore Lemma 3.8 implies that / has the zeros of a polynomial.
